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Class 12 Maths NCERT Solutions Chapter - 11

Three Dimensional Geometry Exercise 11.1

Q1:

If a line makes angles 90°, 135°, 45° with x, y and z-axes respectively, find its direction
cosines.

Answer

Let direction cosines of the line be /, m, and n.

{=c0s90°=0

m=cosl35%°=—

|
42

. 1
n=cosd5"=—
N

. , , ) : | |
Therefore, the direction cosines of the line are (},———. and —.

5™ E
Q2:

Find the direction cosines of a line which makes equal angles with the coordinate axes.
Answer

Let the direction cosines of the line make an angle g with each of the coordinate axes.

i = 10086, M =rosd, = cosa

Fam+n =1
= Ccos a4cos @+cos a=1

= 3cos =1

=5 cos @ =

d | —

= cosa ==
W

L -

Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,

are tL.iLh, and iLr_.
\IE V3 V3



Qa3:

If a line has the direction ratios —18, 12, —4, then what are its direction cosines?

Answer

If a line has direction ratios of —18, 12, and —4, then its direction cosines are

-18 12 —
Y18 +(12) +(=4) (=18 +(12) +(-4) (~18) +(12) +(~4)’
-18 12
AR
9 6 2
117117 11
. . . 9 0 2
Thus, the direction cosines are ﬁ I_I and ]—]
Q4:

Show that the points (2, 3, 4), (-1, -2, 1), (5, 8, 7) are collinear.

Answer

The given points are A (2, 3,4),B(—1,—-2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (xy, yi, z1) and (xz, ¥, Z2),
are given by, x, — X1, ¥> — y1, and z, — z;.

The direction ratios of AB are (-1 — 2), (-2 — 3), and (1 — 4) i.e., =3, =5, and -3.
The direction ratios of BCare (5 — (- 1)), (8 — (- 2)),and (7 — 1) i.e., 6, 10, and 6.

It can be seen that the direction ratios of BC are —2 times that of AB i.e., they are
proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A, B,

and C are collinear.



Q5:
i - 4)! (_

Find the direction cosines of the sides of the triangle whose vertices are (3, 5,

1,1,2)and (- 5, = 5, — 2)

Answer

The vertices of AABCare A(3,5,-4),B (-1, 1, 2),and C (=5, =5, =2).

Af(3,5.-4)

B C
-1, 1.2) (5.5.-2)

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., =4, —4, and 6.

Then,(~4)" +(~4)" +(6) =+16+16+36

= /68
=217
Therefore, the direction cosines of AB are
-4 -4 f
J=4) +( a} ) )+ (6) (=) (=) + (o)
-4
2177 zJ_ zJﬁ
2 2 3
N AN AN T

The direction ratios of BC are (-5 — (-1)), (-5 - 1), and (-2 - 2) i.e., =4, —6, and —4.

Therefore, the direction cosines of BC are
-4 ~b
VY + (-6 + (=) () (-6 + () {(-4) +(-6) +(-4)
) -4 -6 -4
' 217 2017 2017
The direction ratios of CA are (-5 — 3), (-5 - 5),and (-2 — (—4)) i.e.

Therefore, the direction cosines of AC are

_4

, —8, —10, and 2.

-8 -5 2
J8) (10 +(2) J(-8) +(10) +(2)  (-8)’ +(10) +(2)’
] =110 2

2127 2127 22



Exercise 11.2

Q1:
Show that the three lines with direction cosines
12344123 3412
13713713 7137137137 13713 713 are mutually perpendicular.
Answer
Two lines with direction cosines, /1, my, n; and /,, m,, n,, are perpendicular to each
other, if fi/s + mim, + nyn; = 0
12 -3 -4 4 12 3

~—,~—,~—and ~—.-—.,~—, we obtain
13713 13 13713713

12. 4 '—3 12 (-4) 3
Ly +mm, +nn, =—x—+ X— | — |x—

(i) For the lines with direction cosines,

13 13 \13) 13 \13) 13
a8 26 12

169 169 169

=0

Therefore, the lines are perpendicular.

9
(ii) For the lines with direction cosines, iwl—ﬂﬁiand 3 412  weeobka
1313713 135713
4 3 12 [_4\. 312
L+ mmy + gy = — X — 4 — x| — [+-—=x
A1 |\ 1 D
_12_48 36
169 169 169

=0
Therefore, the lines are perpendicular.

(iii) For the lines with direction cosines, i ﬁ E and Ejj , We obtain
13713713 1313713

3Y (12Y (-4) (-3) (12) (4
L1, +mm, + nn, :(—]x{—) L J t ]4-[—]:;[-]
13 13 13 13) \13/ \13

_36,12 48
169 169 169
=0
Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.



Q 2:

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the line
joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a;, by, ¢y, of ABare (3 - 1), (4 — (-1)),and (-2 — 2) i.e., 2, 5, and
-4,

The direction ratios, a,, b, ¢,, of CD are (3 — 0), (5 — 3), and (6 —-2) i.e., 3, 2, and 4.
AB and CD will be perpendicular to each other, if a;a, + bib,+ ¢i¢c; = 0

aia, + bb,+cic;=2x3+5x2+(-4)x4

=6+ 10 - 16

=0

Therefore, AB and CD are perpendicular to each other.

Qa3

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (-1, =2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (-1, =2, 1) and (1, 2, 5).

The directions ratios, a;, by, ¢y, of ABare (2 —4), (3 —-7),and (4 — 8) i.e., =2, —4, and
-4,

The direction ratios, a, by, ¢», of CD are (1 — (—-1)), (2 — (—=2)),and (5 — 1) i.e., 2, 4,
and 4.



i
AB will be parallel to CD, if L=_1=1
a, booo

a_-2__,
a, 2
h _—4 )
h, 4
e B
c, 4

a, b ¢

Thus, AB is parallel to CD.

Q 4.

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

the vector 3/ + 2/ — 2.
Answer
It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is = ;4_2.;4_3;;
b=342j-2k
It is known that the line which passes through point A and parallel to b is given by

F =da+Ab, where A is a constant.
:>F=f+2}'+3§+,i,{3f+1j—2§]

This is the required equation of the line.

Q5:
Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 20 —j+ 4k and is in the direction i + 2_}'—1.' .
Answer
It is given that the line passes through the point with position vector



G=2i—j+4k (1)

b=i+2j-k -(2)

It is known that a line through a point with position vector @ and parallel to b is given by
the equation, 7 =a+ Ah

=F= 2§—j+4a{f+ﬁ.(f+2}—£)

This is the required equation of the line in vector form.

r= .\'f—,\j'+.:§

= xi—yj+zk=(A+2)i +(24-1) J+(-A+4)k

Eliminating A, we obtain the Cartesian form equation as

x=2 y+l z-4

1 2 -1

This is the required equation of the given line in Cartesian form.

Q 6:

Find the Cartesian equation of the line which passes through the point

(=2, 4, =5) and parallel to the line given by '1:3 = "";4 = :;8

Answer
It is given that the line passes through the point (-2, 4, —5) and is parallel to

x+3 _ y-4 z+8

3 5 6
The direction ratios of the line, x+3 _¥ ; 4 L :28 T —
x+3 y-4 z+8
The required line is parallel to S : a :

Therefore, its direction ratios are‘3k, Sk: and 6k, where k £ 0
It is known that the equation of the line through the point (x;, v, z,) and with direction
—X V=) T

. . . X
ratios, a, b, c, is given by == -l =
a b C

Therefore the equation of the required line is

x+21 y=-4 z+3

3k S5k 6k

x+2 y-4 z+5
s == = :k
3 6

n



Q7.

x—5 '+ z—6
The Cartesian equation of a line is 3 == = . Write its vector form.
Answer
The Cartesian equation of the line is
x=5 y+4 z-6
o i P (1)
3 T 2
The given line passes through the point (5, —4, 6). The position vector of this point is
d=5i—4]+6k
Also, the direction ratios of the given line are 3, 7, and 2.
This means that the line is in the direction of vector, b = 3:"+’.{}'+2.d;
It is known that the line through position vector @ and in the direction of the vector b is
given by the equation, F =d+Ab,Ae R
= F = ['Sf—4_;'+6£)+£{'3f+?_}+2§\h

This is the required equation of the given line in vector form.

Q8:

Find the vector and the Cartesian equations of the lines that pass through the origin and
(5, =2, 3).
Answer

The required line passes through the origin. Therefore, its position vector is given by,

i=0 (1)

The direction ratios of the line through origin and (5, -2, 3) are
(5-0)=5,(-2-0)=-2,(3-0)=3



The line is parallel to the vector given by the equation, h=5i— E.F + 3.{7

The equation of the line in vector form through a point with position vector @ and parallel
tobis, F=d+Ab, AeR

— F =(}+ﬁ.(5f 2 +3;?)

—F= ;:(55—2_}4 3k)

The equation of the line through the point (xi, y1, z:) and direction ratios a, b, c is given
by, :1- T1 = 1 '.]'l.' = = :
a b &

Therefore, the equation of the required line in the Cartesian form is
x=0 y-0 -z-0

5 =2 3

X ¥
g g
5 =2

| 1

Qo:

Find the vector and the Cartesian equations of the line that passes through the points (3,
-2, =5), (3, -2, 6).

Answer

Let the line passing through the points, P (3, =2, =5) and Q (3, —2, 6), be PQ.

Since PQ passes through P (3, —2, =5), its position vector is given by,

a=3i-2j-5k

The direction ratios of PQ are given by,

(3-3)=0,(-2+2)=0,(6+5)=11

The equation of the vector in the direction of PQ is

b=0J-0j+11k=11k

The equation of PQ in vector form is given by, r =a+ b, AeR
— = (35-2_}'—5:5)“ LAk

The equation of PQ in Cartesian form is




Q 10:

Find the angle between the following pairs of lines:
(i) F=2£—5_?+£E+,1[:+f—2j+6£]and

r= ?f?—ﬁ§+;;[f+2_}‘+2ﬁ?]
(it) 7 =3i+ j—2k+A(7 - j-2k) and

r= 25—}—5{:§+y(3f—5}—4§]

Answer

(i) Let Q be the angle between the given lines.

b, b,

The angle between the given pairs of lines is given by, cos{ = |5HE|
=2

The given lines are parallel to the vectors, E| =3f+2_}'+61€ and E: =i+ 2_f+2!; ,
respectively.

b =NF 42467 =T
a

By|=4(1) +(2) +(2) =3

b -b, =[3f+2_}+6£)~(?+3_;+2£)
=3x]4+2x24+06x2

=3+4+12
=19



= cos(l= %
®

19
= () =cos [ZIJ

(ii) The given lines are parallel to the vectors, E, :f—_f—ﬂf and Ez =3i-

respectively.
JB]= () + (1) +(-2) =6
= J(3) +(=5) +(~4)’ =30 =52
&-5;=[i-j—zé){3i—5f—4£)
= 1—3—I[—5}—2{—4}

b,

=3+5+8
=16
b - b,
cos Q) ===
2
o8 D 16 16 16
TJ6-542 A2-AB-5V2 1043
8
=cos=—=
5\3
= (}=C08 L—]
J_
Q 11:
Find the angle between the following pairs of lines:
) *=2_y-1_ :+3and x+2 y—-4 z2=3
2 5 =3 -1 8 4
(i) Bal o B g#=0 Y=t 573
2 2 1 4 ] 2

Si—ak



Answer

Letg, and 53 be the vectors parallel to the pair of lines,

- - e 1 ) - e
x=2_) I=_+Jandx+2=} 4 g=b
2 3 ot =1 8 4

o b =2i+5]-3kand b, =—i +8 +4k

A (T -8
B =(-1) +(4) =81=9
:(z;+5,;‘-3k]-[—f+8_f+4ff]

:[ 1)+5x8+(=3)-4
24+40-12

Il
I
o

The angle, Q, between the given pair of lines is given by the relation,

b, b,
055

::-cr:an_T

a4 26
= (J=cos (—Q\fﬁ]

4’;, =2.f+2_}'+kh
b, =4i+ ] +8k

wJB|=2) +(2) +(1) =¥0 =3

| =4 + 12 +8° =B =9

b -b, :[3f7+2_,;‘+£;)-(4f+j+3§]
= 2x4+2x1+1x8

=8+2+8
=18

, respectively.



IfQ s the angle between the given pair of lines, then cosQ = |-
18 2 ‘btl
=>cosQ= =—
3x9

2
= O =cos '[—]
3

Q12:

Find the values of p so the line I-x _7y-14 _=z-3 and

7_7 § g 3 2p 2
YT 072 are at right angles.

3p 1 5

Answer

The given equations can be written in the standard form as

=1 y-2 &=3 x-1 y-5 =z-6
3 2p 2 " 3p 1
7 7
_ 2p -3
The direction ratos of the linesare —3,7 , 2 and _pﬂ 1, — Srespectively.

Two lines with direction ratios, a1, b1, ¢1 and as, b,, cz, are perpendicular to each other, if
aiatbibat ciz=0
(-3p) [ 2p'] -
SoA=3) ) —= [+ = |1(1)+2(-5)=0
()[k7_J ?_.() )
(} 3
l+£:

7 7
=1lp=70

= 10

s
£ 11

Thus, the value of pis % :

Q13:
) x-5 y+2 =z X ¥y Iz :
Show that the lines E : =7 and T == S are perpendicular to each other
Answer : -
x=5 y+2 =z X y =
The equations of the g ven lines are ‘? =2 =T and %:%:5

The direction ratos of the gven I nesare 7, -5, 1 and 1, 2, 3 respectively
Two lines with direction ratios, a4, by, ¢y and a,, by, ¢, are perpendicular to each other, if

aiada+bib,+cic;=0



27 X14( 5)X2+1 %3

=7—-10+3
=0

Therefore, the given lines are perpendicular to each other

Q 14:

Find the shortest distance between the lines

r:=(f+2|} +-IE}+ ﬂ.{f - _}-i-E)and

}::2;—j—£+;t(3f+_}+2£)

Answer

The equations of the given lines are
F:[f+2j+!§]+ A[f—jﬂE}
F::f—j—f?+;;(2?+j+2i§)

It is known that the shortest distance between the lines, ¥ =g, +/IE;1 and r =a, .—;.-!;_. , S

given by,

(.l'lilI X.lr}l-_.: )(d: £ c;‘:)

|h'| % h|

d =

(1)
|

Comparing the given equations, we obtain

d, :r+2j+.~’:
T
a:=2i-j-k
b, =2i + j+2k

j
ar—ai=(2-j-k)-(i+2j+k)=i-3j-2k

Bxb, =(-2-1)i -(2-2) j+(1+2)k =37 + 3k

s[5 xB| = (3 + () =959 =8 =33

Substituting all the values n equation (1), we obtain



(—3?+3;E_}-[f—3j—21€]

d=
342

~3.1+3(-2)

= =
W2

9
S e [

‘:w’i
P W Y2V I Y

W2
Therefore, the shortest distance between the two lines is T units.

Q 15:

. . i x+1 py+l z+1 x=73
Find the shortest distance between the lines . == 5 = ] and
Answer
The given lines are r+1 =""+1 = z+] and x=3 = =9 = z=1

7 -6 ] 1 -2 |

It is known that the shortest distance between the two lines,

r=1x  J—g 1 - X=X Y-V Z=2Z, . .
Lo PN L and O il £ =, is given by,
a, b ¢ d, b, 2
X, — X, Ya= W o8
l'.-lrl l!::|| c’l
i, b, C

d= — = . - = (1)
J{ be,—bc)) +(ca,—c.a) +(ab, —a.b)

Comparing the given equations, we obtain



a =7, b
=3, y,=5 z,=T7
a,=1, bh=-2 ¢ =1
: it & V. — ¥ -z |4 £ 8
Then,| a, b, e [=1T -6 I
da, b, A 1 -2 I
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36-64
=-116

5 B

= \(I{hlc': -b.e, }: +(ea, - cya, ]‘r3 +(ah, = ah ]3 = ,,i,lll{—ﬁ + 2)3 +{1+7) +(-14+6)
=/16+36+64
=4j116
=229

Substituting all the values in equation (1), we obtain

; =116 =58 -2x29

‘ — oy .

229 29 29

Since distance is always non-negative, the distance between the given lines is

=-2J29

2429 units.

Q 16:

Find the shortest distance between the lines whose vector equations are
r=(i+2j+3k)+A(i-3j+2k)
and r =4£+5j+ﬁ£+,¢:[2;’+3_}'+£]

Answer

The given lines are r =f+2_}'+3£+£(f—3j’+2!€) and r = 4f+5j+6f2 +,u[2f+3_}'+£]

It is known that the shortest distance between the lines, F =g, + zii_{] and ¥ =a, + ;.-I;: , is

given by,



(5 xb,)-(in-a )

9 A1)
b5 ‘

o =

Comparing the given equations with ¥ =a, +zii;1 and ¥ =a, +;.-5._. , we obtain

i ; k
b xb, =|l -3 2|=(-3-6)i—(1-4) j+(3+6)k=—9 +3]+9%k
2 W 1

= bxby|=(-9) +(3) =81+9+81=4171=319

(Bxb,)(@2—a )= { 9?+3_}+9f?}-(3f+3_}+3f5)
=—0x343x3+9x3
=0

Substituting all the values in equation (1), we obtain

9 | 3

NENTIRNT

3
Therefore, the shortest distance between the two given lines is v"ﬁ units.

Find the shortest distance between the lines whose vector equations are

r=(1-t)i +(r-2)j+(3-2f)kand
r=(s+1)i+(25-1)7-(2s+1)4

Answer

The given lines are



r=(1-t)i+(t=2)j+(3-20)k
:>i:={f—3_;'+3ﬁ;]+:{:—f+_f—2ﬁ;] (1)

r=(s+1)i+(2s=1)j (25 + 1)k
= r=(i-j+k)+s(i+2j-2k) -(2)

It is known that the shortest distance between the lines, ¥ = g, + AE.:] andr=a, + ;.-!;: , is

given by,

(hxb)-(a - ao)|

d= |h| ><b':| ‘ wl3]

For the given equations,
a=i-2j+3k
by=—i+j -2k

fJ.': = ; —_;—:‘E
br=i+2]-2k

ar—ar =7~ j-k)- (i - 2] +3k) = j- 4k
i ; k

xb, =|-1 I -2 =(-2+4)i —(2+2) ] +(-2-1)k=2i -4/ -3k

1 2 -2

=B xB,|=(2) +(-4)" +(-3) =Va+16+9 =29

.:ﬁﬂx&){&:—aqz[zf—aj—séy[j—4f):—4+12=8

Substituting all the values in equation (3), we obtain

d =

8| 8
Jﬁﬁy_Jiﬁ

Therefore, the shortest distance between the lines is%units.



Exercise 11.3

Q1:

In each of the following cases, determine the direction cosines of the normal to the plane

and the distance from the origin.

(@)z=2(b) x+y+z=1

(C)2x+3y—z=5 (d)5y +8 =0

Answer

(a) The equation of the planeisz=2o0r0x + 0y + z =2 ... (1)
The direction ratios of normal are 0, 0, and 1.

VOP+0* +1° =1

Dividing both sides of equation (1) by 1, we obtain

Ox+0.y+l.z=2

This is of the form Ix + my + nz = d, where /, m, n are the direction cosines of normal to
the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from the
origin is 2 units.

(b)x+y+z=1..(1)

The direction ratios of normal are 1, 1, and 1.

Dividing both sides of equation (1) by ﬁ, we obtain

-(2)




This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

1 1 l
Therefore, the direction cosines of the normal are — ,—, and —and the distance of

: B3
normal from the origin is F units.
2

(c)2x+3y—-z=5..(1)

The direction ratios of normal are 2, 3, and —1.

\j{z} +(3) +(-1) =14

Dividing both sides of equation (1) by \.'ﬁ, we obtain
2 3 1 5

TG L v e 71

This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

2 3
Therefore, the direction cosines of the normal to the plane are s . an
V14 /14

d e and
iz

the distance of normal from the origin is = units.
(d)5y+8=0 h

=>0x—-5y+0z=8..(1)

The direction ratios of normal are 0, -5, and 0.
2 J0+(=5) +0=5
Dividing both sides of equation (1) by 5, we obtain

-pP ==
VB



This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the

5
distance of normal from the origin is — units.

Q2:

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vector 3/ + 5}—&1;.

Answer

The normal vector is, 7 =3/ +5 ] — 6k

. B 3 +57-6k 3i+57-6k
A g : .
| 2

oy

5) +(6)’ 70

—

It is known that the equation of the plane with position vector ¥ is given by, 7 -ji=d

o (3i+5] -6k

i s
| V70

This is the vector equation of the required plane.

=7

Q3

Find the Cartesian equation of the following planes:
(@) F-(F+ k) =2 (o) 7-(2 +3]-4k) =1

(©) F-[(s=20)i +(3-1) j+(2s +1)k | =15
Answer

(a) It is given that equation of the plane is
Fe(i+j-k)=2 -.(1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given by,

F=xi+y—zk



Substituting the value of 7 in equation (1), we obtain
[xf+_1;}'—z)‘<‘}-(f +,}'—k‘]: 2
= x+y-z=2

This is the Cartesian equation of the plane.

(b) 7 (20 +3]-4k)=1 (1)

For any arbitrary point P (x, y, z) on the plane, position vector Fis given by,
F=xi+y —zk

Substituting the value of ¥ in equation (1), we obtain

(.xf + ) + :Aj} : (Bf +3j - 41{] =1

=2x+3y—-4z=1

This is the Cartesian equation of the plane.

(©) 7 (s-2)i +(3-1)j+ (25 +1)k | =15 (1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given by,
F=xi+y— =k

Substituting the value of F in equation (1), we obtain

(xi +_1_~}—:§)-[(,~;—3r)f +{3—;]j+[2s+:)ﬂ =15

= (s—2)x+(3-1)y+(2s+1)z =15

This is the Cartesian equation of the given plane.

Q4:

In the following cases, find the coordinates of the foot of the perpendicular drawn from
the origin.

(@) 2x+3y+4z-12=0(b) 3y +4z-6=0

(€) x+y+z=1 (d) 5y+8=0

Answer
(a) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(XIJ ylr zl)'

2x+ 3y +4z—-12=0

= 2x+3y+ 4z =12 .. (1)



The direction ratios of normal are 2, 3, and 4.

(2) +(3) +(4) =29

Dividing both sides of equation (1) by /29, we obtain
4 12

2 3
X+ v+ =
J29© J297  J9© 29

This equation is of the form Ix + my + nz = d, where /I, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

(2 12 3 12 4 12 ). (24 36 48)

B T ) m e

(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x;,
Y1, Z1)-

Iv+dz-6=0

= Ox+3y+4z=6.. (1)

The direction ratios of the normal are 0, 3, and 4.
o p——— -

SoN0+3 +4 =5

Dividing both sides of equation (1) by 5, we obtain

i)

0x+ E1'-+i::—
375 5



This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by

(Id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are
36 406) (18 24

L(]. o EEJ LE., \I{}. 25" EJ

(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x,
Y1, Z1).
x+y+z=] (D)

The direction ratios of the normal are 1, 1, and 1.
 ET—— —
SAT+IT 417 =43

Dividing both sides of equation (1) by x-"E, we obtain

1 1 1 1
ﬁr+v‘—,§_1-‘+ﬁ: =§
This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(Id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

1 1 1 1 11 . 1 11

\ x-"?-xl'l'g‘ \I"'.E-x"gt x"IEL\E J e \3‘ 3 :‘EJ-

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be (xy,
Y1, Z1).

Sy+8=0

h i

>0x—-5y+0z=8..(1)

The d rection rat os of the normal are 0, -5, and 0



r.0+(-5) +0=5
Dividing both sides of equation (1) by 5, we obtain
-y = E
This equation is of the form Ix + my + nz = d, where I/, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(Id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

0, 1[’%],n\| i.e.,[J{], E ol
| LD J \ 5 )

¢

Q5:
Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is f+_}'—k .
(b) that passes through the point (1, 4, 6) and the normal vector to the plane is

= 2; +k _
Answer
(@) The position vector of point (1, 0, —2) is a =i-2k

The normal vector N perpendicular to the plane is N=i +.f—ﬂz

The vector equation of the plane is given by, [r——a}..-'»}’ = (]
={7-(1-26)|(i+]-k)=0 (1)

¥ is the position vector of any point P (x, y, z) in the plane.
LF=xi+ H +zk

Therefore, equation (1) becomes



[(1:4—};-‘-"!{ 'w"’kj| :+; k

:>|:|[J.—I]|J+},.l+{z+ :|[r+;— ]:{J
= (x=1)+y-(2+2)=0

= Xx+y-—z-3=10

= xt+y-z=3

This is the Cartesian equation of the required plane.
(b) The position vector of the point (1, 4, 6) is a = [+4] +6k
The normal vector N perpendicular to the plane is N = f—ljﬂf

The vector equation of the plane is given by, (7 —5].;‘»" =1
:[,.-_(;+4_;-+m;)]{f_z_;-+:;)=u (1)

¥ is the position vector of any point P (x, y, z) in the plane.
LF=xi+ 1; +zk

Therefore, equation (1) becomes

[[.v:f + ) +zk ] —{f +4] +{).ﬁ:)i|.{.f ~2j+ IE] -y

=[(x=1)i +(y=4) F+(z-6)k |- -2]+K) =0
=(x-1)-2(y-4)+(z-6)=0

= x—2y+z+1=0

This is the Cartesian equation of the required plane.

Q 6:

Find the equations of the planes that passes through three points.

(a) (11 1/ _1)1 (61 4/ _5)1 (_41 _21 3)
(b) (11 1/ O)I (11 2/ 1)/ (_2/ 2/ _1)

Answer

(a) The given points are A (1, 1, -1), B (6, 4, =5), and C (-4, -2

, 3).



| 1 -1
6 4 -5=(12-10)-(18-20)~(~12+16)
4 2 3

Since A, B, C are collinear points, there will be infinite humber of planes passing through
the given points.

(b) The given points are A (1, 1, 0), B(1, 2, 1), and C (-2, 2, —1).

1 0

1 |=(-2-2)-(2+2)=-8=0

-1

k= k2 =

EEE,

Therefore, a plane will pass through the points A, B, and C.

It is known that the equation of the plane through the points, {-Y.,J-'..:.}e {x]\_l"':-zz}, and

(%3,05:23), i

¥—x% Y-» z-z

X=X, Vo= Z4—2,|=0

e =x, ¥=¥ ;-2
x—-1 y-1 =

=| 0 1 1]|=0

=(-2)(x-1)-3(y-1)+3z=0
= -2x—3y+3z+2+3=0

= —2x—3y+3z=-5

= dx+3p-3z=3

This is the Cartesian equation of the required plane.



Q7:

Find the intercepts cut off by the plane 2x+ yv—-z=3
Answer

2x+y—z=5 (1)

Dividing both sides of equation (1) by 5, we obtain

l
—
—
2
—

X ? Z

It is known that the equation of a plane in intercept form is —+ jF =1, wherea, b, c
a b oc

are the intercepts cut off by the plane at x, y, and z axes respectively.

Therefore, for the given equation,

cr=—5-,h=5, and ¢ =-5

5 :
Thus, the intercepts cut off by the plane are = 5,and -3,

i

Qa8:

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
Answer

The equation of the plane ZOX is

y=0

Any plane parallel to it is of the form, y = a

Since the y-intercept of the plane is 3,

~a=3
Thus, the equation of the required planeis y = 3



Q9:

Find the equation of the plane through the intersection of the planes
Jx—y+2z-4=0and x+y+z-2=0and the point (2, 2, 1)

Answer

The equation of any plane through the intersection of the planes,
3x—y+2z—4=0andx+y+z-2=0,is

(3x—y+2z—4)+a(x+y+:-2)=0, where « €R (1)

The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation
(1).

n(3x2-2+2x1-4)+a(2+2+1-2)=0

= 24+3a=0
2
= a=——
2
)

2
Substituting & = 3- in equation (1), we obtain

5
(3.1‘—_1-‘+2:—4]—%}(,\‘4—)'1&:—2) =(

= 3(3x-y+2z-4)-2(x+y+z-2)=0
= (9x=3y+62-12)-2(x+y+z-2)=0
= Tx=5y+4z-8=0

This is the required equation of the plane.

Q10:

Find the vector equation of the plane passing through the intersection of the planes

F ‘(2f+ 2j-3k)="1. r'.('zhs_; + 317) ~ 9 and through the point (2, 1, 3)
Answer '

The equations of the planes are r (3: + 2_,;'—33;) = Tand J"-(zf-i-ﬁ} +3ﬁ;) =9
= F-(2 +2j-3k)-7=0 (1)

Fo(2i+5)+3k)-9=0 -(2)

The equation of any plane through the intersection of the planes given in equations (1)

and (2) is given by,

[7-(2F +2]-3k)-7 |+ 2] F-(27 +5]+3k) -9 =0, where A € R



F -[(zhzj—3£)+/1[zf+5_}+3£]}.- 94+7
Fo(2+22)F +(2+52) j+ (34-3)k |=92+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
F=2i+2]+3k
Substituting in equation (3), we obtain
(21 +7-3k).[ (2+24)7 +(2+54) [+ (3A-3)k | =94+ 7
=(2+22)+(2+54)+(32-3)=94+7
= 184-3=94+7
=91i=10
10
9

=

.10
Substituting 4 =? in equation (3), we obtain

{38 . . .
F-L—Ef'+ﬁ_;'+§k]= 17
9' "9

= f—'-(:%sf+as_,?+3£] =153
This is the vector equation of the required plane.

Q 11:

Find the equation of the plane through the line of intersection of the planes

x+y+z=land 2x+3y+4z =5which is perpendicular to the plane x—y+z =10

Answer

The equation of the plane through the intersection of the planes, x+¥+z=1and
2x+3y+4z=3,is

(x+y+z=1)+A(2x+3y+4z-5)=0

= (2A+1)x+(3A+1) y+(44+1)z—=(51+1)=0 sl L)

The direction ratios, a;, by, ¢y, of this plane are (2A + 1), (3A + 1), and (4A + 1).

The plane in equation (1) is perpendicular to x—y+z =1



Its direction ratios, a,, b, c;, are 1, —1, and 1.
Since the planes are perpendicular,

aa, +bb,+ce, =0

= (22+1)=(34+1)+(42+1)=0

=34+1=0

" 1
= A ===
3

5 1
Substituting £ = —; in equation (1), we obtain

1 1
— "‘ _—

3 &

=x—z+2=0

2
+—==0
3
This is the required equation of the plane.

Q12:
Find the angle between the planes whose vector equations are

f.(zhzj-sir]:sand Fo(31-3]+5k)=3

Answer

The equations of the given planes are F»(Z’.f+ ¢ 3)‘;] =5and F-(Jf—3}' +5i7] =3

It is known that if 77, and 7, are normal to the planes, 7.4, =d, and 7-#, =d,, then the

angle between them, Q, is given by,

Hy + 7ty

cos() = -1}

‘fr,‘ ",
Here, i, =2i +2j -3k and n, =3i -3/ + 5k

oy Ty =(jzf+3_}'—3£)(3f—3}+5£)= 23+2.(-3)+(-3).5=-15

i =J2) +(2) +(-3) =17
i =\(3) +(=3) +(5)" =3




Substituting the value of 1i-#,, 'ﬁ,|and|ﬁz|in equation (1), we obtain

cos() = _—IS
J17443
15
jcasgzﬁ
[ 15
= cos 1=[_’,@T]
Q 13:

In the following cases, determine whether the given planes are parallel or perpendicular,

and in case they are neither, find the angles between them.
(@) Tx+5y+6z+30=0and 3x—y—10z+4=0

(b) 2Zx+y+3z-2=0and x-2y+5=0

(€) 2x-2y+4z+5=0and 3x-3y+6z-1=0

(d) 2x—y+3z—1=0and 2x—y+3z4+3=10

() 4x+8y+z—-8=0and y+z-4=0
Answer

The direction ratios of normal to the plane, L, tax+bhv+¢,z=10, are a,, by, ¢; and

L:ax+by+c,z=0area,, b, c,

i !
LL,if =854
) e ol a0y

L 1L, if aa +bb +cc, =0

The angle between L; and L, is given by,

aa,+bb, +cc,

Q=cos’' =
Ve +h+ ¢ \Jas +b; +e;

(a) The equations of the planes are 7x + 5y + 6z + 30 = 0 and
3x—-y—-10z+4=0

Here, a; =7,b; =5,¢c; =6



a,=3,b,=-Lc,=-10
aa, +bb, +¢c, =Tx3+5%(=1)+6x(—10) =44 = 0

Therefore, the given planes are not perpendicular.

a 1 B B i B 6 -3
. — —:—:--:‘1—:———
a, 345 -l ¢y: —I10 5
It can be seen that, ﬂ_';f ‘ri;t‘ !
a b ¢

Therefore, the given planes are not parallel.

The angle between them is given by,

7x3+5x --]}-=ﬁx{---]ﬂ]

Q=cos™ - 1 1
J(7) +(5) +(6) x\3) +(-1)" +(-10)
_ cos™! 21-5-60
V110 x+/110
o 44
=¢0s ——
11
il
=CDs  —
5
(b) The equations of the planes are 2x+ v+ 3z—-2=0and x—-2y+5=10
Here, @, =2, b =1,¢,=3and a, =1 b,=-2,¢,=0
Loaay +hby +ee, =2x1+1x(-2)+3x0=0
Thus, the given planes are perpendicular to each other.
(c) The equations of the given planes are 2x—2yv+4z+5=0and 3x—-3y+6z—-1=10

Here, @, =2, b -2, ¢, =4 and
a,=3,b,==3,c,=6 aa,+bb, +cc, =2x3+(-2)(-3)+4%x6=6+6+24=36%0

Thus, the given planes are not perpendicular to each other.

a, 2 h,_—l_im_ldcl_dr_j
a, 3b, 3 3 ¢ 6 3
Ir':fl lIi;'lzlcll

.4 by o

Thus, the given planes are parallel to each other.



(d) The equations of the planes are 2x—y+3z-1=0and 2x— y+3z+3=0

Here, ¢, =2, b ==1l,¢,=3 and a,=2, b, =-1, ¢, =3
a _2_ 1‘ri:'_:1;m.»_| i;%;]
a 2 b -l ¢, 3

a b ¢

a b o

Thus, the given lines are parallel to each other.

(e) The equations of the given planes are 4x+8y+z—-8=0and v+z—-4

Here, @, =4, b =8,¢c,=land a,=0, b =1, ¢, =1
aa, +bb, +cc, =4x0+8x1+1=9=0

Therefore, the given lines are not perpendicular to each other.
a 4 b 8

a_1_,

a, 0 b 1 c, |

Therefore, the given lines are not parallel to each other.
The angle between the planes is given by,

| dx4+8x1+1x1

)= cos
J42 + 8 + 12 xof0 + 12 4+ 12

0



Q 14:
In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane

(a) (0, 0,0) 3x—dy+12z =
(b) (3, -2,1) 2x—y+2z43=0
() (2,3,-5) x+2y-2z=9

(d) (_61 OI 0) 2.\7_3‘1’+6E_2:D
Answer

It is known that the distance between a point, p(xi, y1, z1), and a plane, Ax + By + Cz =

D, is given by,
d= Ax, +j_'3y, +.’r:':I j£)| (1)
JE+B +C |

(a) The given point is (0, 0, 0) and the plane is 3x—4y+12z =

3 3

\/mfﬂ— (2 \ Jieo 13

Sod=

(b) The given point is (3, — 2, 1) and the plane is 2x—y+2z+3=10

Ex3—{—2}+2x1+3;_ 13| 13

(c) The given point is (2, 3, =5) and the plane is x+2y—-2z=9

o }\

(d) The given point is (=6, 0, 0) and the plane is 2x-3v+6z-2=1)

2(-6)-3x0+6x0-2| |-14| 14

= { = —|=""=2
JEP+(=3) +(6) | N4

i




Miscellaneous Solutions

Q1

Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line
determined by the points (3, 5, —1), (4, 3, —1).

Answer

Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).

Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of OAare 2, 1, and 1andof BCare (4 -3) =1, (3 -5) = -2, and
(-1+1)=0

OA is perpendicular to BC, if aia, + bib>, + cic; = 0

.'.alaz+b1b2+C1C2=2X1+1(—2)+1X0=2—2=0

Thus, OA is perpendicular to BC.

Q2:

If Iy, my, ny and ,, m,, n, are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these are mn, —
myny, Ny — nsly, hm, — Lmy.

Answer

It is given that /3, my, n; and ,, m;, n, are the direction cosines of two mutually

perpendicular lines. Therefore,

L+ mm, +n, =0 (1)
Evm +n =1 #i2)
B+m+n =1 =

Let /, m, n be the direction cosines of the line which is perpendicular to the line with

direction cosines /1, my, ny and I, my, n».



A+ mm 4+ = 0
i, +mm,+nn, =0

{ m n

mn, —myny ml,—md, Lm,—Lm,

i m n
= = == .
(mm,—mn)  (nl,-nd) (hm,—~Lm)
I’ m’ n
== T T i
(mnp,—mn)  (nf, - u:.l’,} (4,m, —f:mz)
Pamt e’

- (4)

(m,n, —m,n, )2 +{(md, —n.t, }2 +(lm, —1,m,)

I, m, n are the direction cosines of the line.

“P+m*+n’=1.. (5

It is known that,

5 2% {13 & i 2
(f,z my o+ ][.I": + 0 4 ] ~(1, + mm, + nn,)

o

={myn, —m,n, } +(md, —mb ) +(Lm, —Lm, }:
From (1), (2).and(3). we obtain

-

= L1=-0=(mn, +m,n, ]1 +(ml, —n,, ]: +(fm, —1Lm, )

(2, — myn, }: +{(md, - a:zf,}: +({,m, —I,m, }: =] ..(6)

Substituting the values from equations (5) and (6) in equation (4), we obtain

15 a mo n »

[m,n, = I, 1, } - [nlfz —n:fl)? B (F,m? -i,m ]'1

=l=mn, —m,n.m=nl,—nl.n=Im, -Lm

Thus, the direction cosines of the required line are my, —m,n, ml, —n.l andlm, —l,m,.



Qa3:

Find the angle between the lines whose direction ratios are a, b, cand b — ¢,
c—a,a-b.

Answer

The angle Q between the lines with direction cosines, a, b, cand b — ¢, ¢c — a,

a — b, is given by,

alb—c)+b(c—a)+c(a—bh) ‘

cosQ = ol e
Ja' +b" + ¢+ J(b—c) +(c—a) +(a-b) ‘
=cos(=10

= O =cos ' 0
— 0 =90°

Thus, the angle between the lines is 90°.

Find the equation of a line parallel to x-axis and passing through the origin.
Answer
The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where

Direction ratios of OAare(a—-0)=4a,0,0
The equation of OA is given by,
x= _y=11 -z~

a 0 0
s B2
1 0 0

Thus, the equation of line parallel to x-axis and passing through origin is

=

X

X
I 0

=20



Q5:

If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, —6) and (2, 9,
2) respectively, then find the angle between the lines AB and CD.

Answer

The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (-4, 3, —6), and

(2,9, 2) respectively.

The direction ratios of ABare (4 —1)=3,(5-2)=3,and (7 -3) =4

The direction ratios of CD are (2 —(—-4))=6,(9-3)=6,and (2 —(-6)) =8

a b ¢ |
a b ¢ 2

It can be seen that,

Therefore, AB is parallel to CD.
Thus, the angle between AB and CD is either 0° or 180°.

Q 6:
_— " - - , -

If the lines = B i W 3 and x—1 wud : == 6 are perpendicular, find the value
-3 2k 2 3k ] -3

of k.

Answer

. . . . x=1 yp=-2 =z-3 =1 y-1 =z-6
The direction of ratios of the lines, = = and = = , are =3,
-3 2k 2 3k ] -3

2k, 2 and 3k, 1, =5 respectively.
It is known that two lines with direction ratios, a, by, ¢1 and a,, b,, c,, are
perpendicular, if a;a, + bib, + ci¢; =0
3(3k )+ 2k =14 2[ 5]={}
= -0k +2-10=0
= Tk=-10

10
Therefore, for k = -T, the given lines are perpendicular to each other.



Q7:
Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the

plane r - f+2_;—51‘;]+R}:{J

Answer

The position vector of the point (1, 2, 3) is r, :f+2_;'+ 3k

The direction ratios of the normal to the plane, jf-[f+3j—5f')+lj =(,arel, 2,and -5

and the normal vector is N =i + 2; —5k

The equation of a line passing through a point and perpendicular to the given plane is

givenby, [ =F+ AN, AeR

=1 = (7 +2]+3k)+ (P +2]-5k)

Q 8:

Find the equation of the plane passing through (a, b, ¢) and parallel to the plane
F(f+j—£]:2

Answer

Any plane parallel to the plane, 7 [; +_f+»’f] =2, is of the form

Foli+j+k)=2 (1)
The plane passes through the point (a, b, c). Therefore, the position vector r of this

point is ¥ = ai + J’;f +ck
Therefore, equation (1) becomes
{uf—J’?;'—~:.-§.]-{f+|}'+.ﬂ;] =1

= at+b+tc=4A



Substituting 4 = a + b +¢ in equation (1), we obtain
F-(f+}+§2)=a+b+c il
This is the vector equation of the required plane.

Substituting 7 = xi + 1j + zk in equation (2), we obtain
[xf+;jr"+:ﬁ]-(f+.}+§')=a+b+c

= x+y+tz=a+b+c

Qo

Find the shortest distance between lines 7 =6i +2 ) + 2%+ (f— 2]+ 2#)

and F = —4f—fg+;.ﬂ(3f—2j—2§).
Answer

The given lines are

F:ﬁf+2_}+2£+2{f—2}+2£] ald)

F:—4f—£+p(3f—zj—3£) (2

It is known that the shortest distance between two lines, r =g, +z{f;1 and r =a, + ﬂ;_, , is
given by

(‘Exﬁ*}'{a:_f_fl} [3}
fxa| |

b, = b,

d =

Comparing r =4, +zif;1 and ¥ =a, +zL’.;: to equations (1) and (2), we obtain

d =6i+2]+2k
bo=i-2j+2k
a,=-4i —k

b, =3 -2j-2k

= d, - d, [_—4f—£)—{6f+:j+z£) 10§ -2} -3k



2 |=(4+4)7 —(-2-6) j+(-2+6)k =81 +8] + 4k

| Bx b= (8) +(8) +(4) =12

(6% b,)-(a,~a,)=(87 +8+4k)-(-10i ~2j-3k)=-80~16-12=-108
Substituting all the values in equation (1), we obtain

—108

12

Therefore, the shortest distance between the two given lines is 9 units.

=9

u':‘

Q10:

Find the coordinates of the point where the line through (5, 1, 6) and

(3, 4, 1) crosses the YZ-plane

Answer

It is known that the equation of the line passing through the points, (x3, yi, z1) and (xa,

X=X V=W _ Z=Z

2y £2 is - -
Yar 22), =% W

Yi—=W Z—Z
The line passing through]the poin‘ts, (5,1, 6) and (3, 4, 1), is given by,

n

x-5 _ y-1 _z-6
3-5 4-1 1-6
x-5 y-1 =z-6
= == = = k(say

=>x=5-2k, y=3k+l, z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).
The equation of YZ-plane is x = 0

Since the line passes through YZ-plane,

5-2k=0
— =
2
s
::>3k+1=3>-<;+l=I7
A
R S
2 2

Therefore, the required pointis ({J,g_-?}.



Q11:

Find the coordinates of the point where the line through (5, 1, 6) and
(3, 4, 1) crosses the ZX - plane.

Answer
It is known that the equation of the line passing through the points, (x;, y1, 2z1) and (x3,

yZJZE).f is Y. — X, - V. — 1 _? =
The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

X=X, Y=y _ Z=Z

x=3 y=1_ z=b

-5 4-1 1-6

::‘_r—:\:y—] ::_()zk(sa}']
-2 3 -5

=>x=5-2k, y=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,

3k +1=0
|
= k=——
3
:5—2&:5—3[-1J=Q
3) 3
e g
6—5L=(i—5(—lJ=;3
35 3



Q 12:

Find the coordinates of the point where the line through (3, -4, =5) and (2, — 3, 1)
crosses the plane 2x + y + z = 7).

Answer
It is known that the equation of the line through the points, (x1, y1, z1) and (X2, y2, Z2), is

X=X, y=) Z=z

Yo=X V) &g
Since the line passes through the points, (3, =4, —=5) and (2, =3, 1), its equation is

given by,

x=3 y+4 z+5
2—-3 -3+4 145
i 0 o - T

-1 | 6 :

—>x=3-k, y=k-4z=6k-5

Therefore, any point on the line is of the form (3 — k, kK — 4, 6k — 5).

This point lies on the plane, 2x + y + z =7

223 -k +(k-4)+ (6k—-5)=7

=5k-3=7
= k=2
Hence, the coordinates of the required pointare (3 - 2,2 -4,6 x 2 —-5)i.e.,,

(1, -2, 7).

Q 13:
Find the equation of the plane passing through the point (=1, 3, 2) and perpendicular to

each of theplanesx + 2y + 3z=5and 3x + 3y + z = 0.
Answer

The equation of the plane passing through the point (-1, 3, 2) is
ax+1)+b(y—-3)+c(z-2)=0..(1)

where, a, b, c are the direction ratios of normal to the plane.



It is known that two planes, g x+byv+cz+d =0and a,x+by+c,z+d, =0, are

perpendicular, if aa, +bh, +cc, =0
Plane (1) is perpendicular to the plane, x + 2y + 3z =5
Sa-l+bh2+e-3=0

=a+2b+3c=0 (2)

Also, plane (1) is perpendicular to the plane, 3x + 3y +z=0
Sa-34b-340-1=0

=3a+3h+c=0 ~(3)
From equations (2) and (3), we obtain
a N h 3 c
2x1-3x3 3x3-1xl 1=x3-2x3
a b ¢
—=—=—=k(say
-7 8 =3 ( 1

=a=-7k, b=8k, c=-3k

Substituting the values of a, b, and c in equation (1), we obtain
Th(x+1)+8k(y-3)-3k(z-2)=0

= (-Tx—=7)+(8y—24)-3z+6=0

= —Tx+8y-3z-25=0

= Tx-8y+3z+25=0

This is the required equation of the plane.

Q 14:
If the points (1, 1, p) and (=3, 0, 1) be equidistant from the plane

F'(3f+4}'—|2§]+]3=ﬂ, then find the value of p.

Answer

The position vector through the point (1, 1, p) is 4, =i+j+pk
Similarly, the position vector through the point (=3, 0, 1) is

d, =-4i +k



The equation of the given plane is F -(3?+4}'—I2§)+]3 =0

It is known that the perpendicular distance between a point whose position vector is

la-N-d

d and the plane, F- N = d, is given by, D= | |
N

Here, N :Jf+4j'—I2.fE andd=-13

Therefore, the distance between the point (1, 1, p) and the given plane is

‘[.r?+_;+p£]-[3f+4_?—12£}+13‘

D= s
|3f+4_;—11;f|
~p - |3+4—|2p+|3|1
J33+4=+{—|2}'
M=17
:;D]:M ...(1}

13

Similarly, the distance between the point (=3, 0, 1) and the given plane is

‘(—3::+.5;::|-{3::+4_E—12.ﬁ:)+13‘

D, = R s
|3f 4712k
—9-12+13
D, = |-9-12+1 1
J3 4+ (-12)
=D =2 (2)

S 13
It is given that the distance between the required plane and the points, (1, 1, p) and

(=3, 0, 1), is equal.

~ Dy =D,

—12
:_|2n 12p| _8

13 13
=20-12p=8 or —(20-12p)=8
=12p=12 or 12p =28

.
= p=lor p:E



Q 15:
Find the equation of the plane passing through the line of intersection of the planes

F(r+;+k] =1and F-(2f+3j—§]+4:u and parallel to x-axis.
Answer

The given planes are

H-(f+_?+§}=l

3F-(f+_f+§)—1=0

f-(zf+3_;'—;2)+4:n

The equation of any plane passing through the line of intersection of these planes is
__r'-[f+j—£)—|Hf+;.ﬂ-'-[zf+3_}'—£)+4]—{:

F[(2A+1)i+(32+1) j+(1-2)k ] +(42+1)=0 (1)

Its direction ratios are (2A + 1), (3A + 1), and (1 — A).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-axis.
The direction ratios of x-axis are 1, 0, and 0.

SL(2A+1)+0(34+1)+0(1-4)=0

= 244+1=0

. 1
= A=—=
=

: 1
Substituting 4 = 5 in equation (1), we obtain
gl “'+5£_—{—3) =0
= o e fi

= F(j-3k)+6=0

Therefore, its Cartesian equationisy —3z+ 6 =0

This is the equation of the required plane.



Q 16:

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of the
plane passing through P and perpendicular to OP.

Answer

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratios of OPare (1 - 0)=1,(2-0)=2,and (-3 -0) = -3

It is known that the equation of the plane passing through the point (x, y1 z1) is

a(x=x)+b(y-y)+c(z—z)=0where, a, b, and c are the direction ratios of normal.
Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1, 2, —3).

Thus, the equation of the required plane is
I[.r—l}+2{_r—2]—3{: +3j =0
= x+2y-3z-14=0

Q17:

Find the equation of the plane which contains the line of intersection of the planes
F-[f+2j+3f}—4 =10, F-(Zf+j—#f]+5 = () and which is perpendicular to the plane

F-[Sf+3_}'—ﬁ1€]+3 =0,
Answer

The equations of the given planes are
Foi+2j+3k)-4=0 silh)
Fo(2+ j—k)+5=0 52

The equation of the plane passing through the line intersection of the plane given in
equation (1) and equation (2) is

[r’-[;’ﬂ+2}'+35)—4]+zi[i"-(2f+_}'—!;)+5]. 0

Fo[(2A+1)i +(A+2)j+(3-A)k ]| +(52-4)=0 -(3)



The plane in equation (3) is perpendicular to the plane, F-(55+3_}'—6)‘;)+8 =0
L5(2A+1)+3(A+2)-6(3-4)=0
=194-7=0

D A=—
19

. 1
Substituting 4 = T in equation (3), we obtain

.[33: 45;. 50 »]-41
= F- i+— J+—k = ()
19" 197 19" | 19
- ﬁ(33f +45]+ 50£)~41 =0 (4)

This is the vector equation of the required plane,

The Cartesian equation of this plane can be obtained by substituting 7 = xi +_1;]'+ =k in
equation (3).

(xi + 37 +2k)-(337 + 457+ 50k ) - 41=0

= 33x+45y+50z-41=0

Q 18:
Find the distance of the point (=1, =5, —10) from the point of intersection of the line

F=2§—j’+2§+i[35+4}'+2&2)and the pIaneF.(f—}'H\j):S
Answer

The equation of the given line is

Fo=2—j+2k+A(3 +4]+2k (1)

The equation of the given plane is

Fi-j+k)=5 -(2)

Substituting the value of ¥ from equation (1) in equation (2), we obtain



[”:—;+”k+;’i{w+4;+’k”( k}

=[(32+2)i +(42-1) j+(22+2)k|-(I- j+k)=5

= (34+2)-(4A-1)+(24+2)=5

= A=0

Substituting this value in equation (1), we obtain the equation of the line as
—j+2k

This means that the position vector of the point of intersection of the line and the plane

is = 24':—_;*2.{T

This shows that the point of intersection of the given line and plane is given by the

coordinates, (2, —1, 2). The pointis (-1, =5, —10).

The distance d between the points, (2, —1, 2) and (-1, =5, —10), is

d=ﬁ.'°f+{5+u'q 10-2) =o+16+144 =+/169 =

Q 19:

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes
F=[f—j72f)=5and F{3f+j+§]:
Answer

Let the required line be parallel to vector b given by,
b=bi+h,j+bk

The position vector of the point (1, 2, 3) is a =i +?..;+3!E

The equation of line passing through (1, 2, 3) and parallel to b is given by,
F=d+Ab

_>f(f+2j|3£}|a[hf+f5}+@£) (1)

The equations of the given planes are



Foli—j+2k)=5 k)

Fe(3i+ j+k)=6 (3]

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal to
the plane of equation (2) and the given line are perpendicular.
—.>['f—_}'+:§)-A(h,f—-h:_}+h_.,;£):D

== i{hl b, + EJ‘J,‘}:{]

=h—b,4+2b,=0 .(4)

Similarly, (37 + j+k ) A(bi +b, ] +bk)=0

= A(3b,+b,+b,)=0

=3b +b,+b, =0 (3)
From equations (4) and (5), we obtain

b, b, b,
(-)x1-1x2 2x3-1Ix1 1x1-3(-1)
b b b

=3 5 4

Therefore, the direction ratios of b are -3, 5, and 4.

b =hitb, j+bk=-3+5]+4k

Substituting the value of b in equation (1), we obtain

F = [f+2_}+3£)+A[—3f+5}+4f€)

This is the equation of the required line.

Q 20:
Find the vector equation of the line passing through the point (1, 2, — 4) and

-5

perpendicular to the two lines: x—8 = y+19 = z=10 and el sl ~29 =

3 16 7 3 8 =9

Answer

Let the required line be parallel to the vector b given by, b = b,f+b_,_}'+bj.f;



The position vector of the point (1, 2, — 4)is a = f+2.;—41c"

The equation of the line passing through (1, 2, —4) and parallel to vector b is

F=d+Ah
:aﬁ(h2_}—4£]+,a[h,f+h:j+h_1fé) :::1)
The equations of the lines are
x—8 y+19 z-10 {,j}
3 -6 7 o
x—=15 =29 =z-5 ]
== = .
3 8 -5 { }
Line (1) and line (2) are perpendicular to each other.
(4)

5. 3b, —16b, +7h, =0

Also, line (1) and line (3) are perpendicular to each other.

- 3b,+8b, - 5b, =0 -(5)
From equations (4) and (5), we obtain
by _ b, _ b,

(-16)(=5)-8x7 7Tx3-3(-5) 3x8-3(-16)

L.

24 36 72
b b _b

2 3 6

~Direction ratios of b are 2,3, and 6.

b =20 +3]+6k
Substituting b= 2f+3}+ 6k in equation (1), we obtain
F=[f+2j—4£]+£(2ﬁ+3j+6ﬁz)

This is the equation of the required line.



Q 21:

Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the

| 1
origin, then —+—+—=—

a b o p
Answer

The equation of a plane having intercepts a, b, ¢ with x, y, and z axes respectively is
given by,

xr v =z

e s al— 1 sue ]

a b ¢ [ )

The distance (p) of the plane from the origin is given by,

poa B
Q 22:
Distance between the two planes: 2x+3v+4z=4 and dx+6y+82=12s

(A)2 units (B)4 units (C)8 units

2
(D) ——units
2

V29

Answer

The equations of the planes are

2x+3y+4z=4 (1)



dx+6p+8z=12
=2x+3y+4:=6 il 2)

It can be seen that the given planes are parallel.
Itis known that the distance betweentwo pamallel planes,ax+ by +cz = d, and ax+ by

+ cz=d,, s gven by,

D= d,—d,
S
Na +b +¢e
>D=| 22
JP+(3) +(4)
-y
V29

"
Thus, the d stance between the | nesis ﬁun‘ts.

Hence: the correctanswer sD,

Q 23:
The planes: 2x -y + 4z =5and5x — 25y + 10z =6 are

(A) Perpendcuar (B) Parald (C) ntersect y-ax s

(C)passes thmugh(U_.{Li]
Answer 4

The equations of the planesare
2X -y +4z=5 ..(1)

5 - 25y +10z2=6 (2

It can be seen that,

a 2

P

b -1 2

b, -25 5

e 4 2

e, 105
a & &

Ly B &

Therefore, the givenplanes are parallel.
Hence, the correct answer isB.
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